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Some Summation Formulas for the Series , F,(1)
By J. L. Lavoie

Abstract. Summation formulas, contiguous to Watson’s and Whipple’s theorems in the theory
of the generalized hypergeometric series, are obtained. Certain limiting cases of these results

are given.

1. Two Results Contiguous to Watson’s Theorem. The two following summation
formulas for series ;F,(1) are useful, interesting, easily established, and probably

new. They are
a, b, ¢
3F2( Ha+b+1), 2c—1‘1)
_2"'T(a+ b+ YT (c = HT(c—ta—3b-1)
(1) L(H)T(a+1)I(b+1)
" T(ia+1)T(4b+ 1) N abT'($a + §)T(4b + 1)
T(c—ta-T(c—1tb=-1%) 4T(c—4a)T(c—1b) |
R(2c—a—-b)>1,

and
a, b, c
3F2( Ha+b+1), 2c+1'1
2" T(Ba+ b+ 3)T(c+ )T (c~ta—3b+ 1)
F(4)T(a+1)T(b+1)
T(Ja+YT(3b+1)  abT(Ja+5)T(56 +3)
T(c—4a+H)T(c—1b+4) 4T(c—ta+DT(c—4p+1))
RQ2c—a—-b)> -3.

)

X

Received July 8, 1985; revised June 18, 1986.
1980 Mathematics Subject Classification (1985 Revision). Primary 33A35; Secondary 33A15.
Key words and phrases. Generalized hypergeometric functions of one variable, gamma function, psi

function.
©1987 American Mathematical Soctety
0025-5718 /87 $1.00 + $.25 per page

269



270 J.L.LAVOIE

They are thus seen to be contiguous to Watson’s theorem [1, p. 16, 3.3.1],

a, b, ¢
3 Ha+b+1), 2 1)
_T()T(at 3+ )T(e 4 DI(e—da—1b+ )
F(la + DT(b + )T(c—bat DT(c— b+ 1)’

R(2c—a—-b)> 1.
Proofs. It is just a simple exercise to show that the left-hand side reduces to the
right-hand side in the following relation involving three , F,:
a, b, ¢ a, b, c—1
o Larb+1), 20 - 1[1) 3F2( Wa+b+1), 2~ 2[1)
_ ab E a+1, b+1, L
T (a+b+1)2c-1) 2 Ha+b+3), 2|
But two of these ,F, can be evaluated by Watson’s theorem, and (1) is obtained
when we make use of various familiar identities relating to the I'-functions.
In exactly the same way, (2) is obtained from the relation

a, b, ¢ a, b, ¢
3F2( YWa+b+1), 2e+1 30| varp+1), 201)
ab a+1, b+1, ¢c+1

i

_(a+b+1)(2c+1)3F2 Wa+b+3), 2c+2

2. Two Results Closely Related to Whipple’s Theorem. Formulas (1) and (2) lead,
respectively, to the two summation formulas:

, b,
3g(a b cq

f
_ L'(e)I'(f)
(3) 2% (e — a)T(f — a)

X(FH@—aﬂNﬂf—@]+FH@—a+1ﬂNﬂf—a+U]
T[3(e=p)IT(/=0)]  Tl(e=b+DIT[H(f=b+D] )
provided the parameters satisfy the conditions a + b =0 and ¢ + f = 1 + 2¢ with
R(c¢)> -1, and

a, b, c

3F2( e, f
_ T'(e)T(f)
22" Ya—-1)(c—1)T(e—a)T(f—a)
y ( T[i(e—a)|T[3(f—a)] T[ie—a+DIT[I(f~a+1)]
T[3(e—b)IT[4(f-b)] T[(e-b+DIT[A(f-b+ D] ]

(4)

provided ¢ + b =2and e + f =1+ 2¢ with R(c) > 1.
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These results are thus closely related to Whipple’s theorem [1, p. 16, 3.4.1]:

}
_ mL(e)T(/)
22T [4(e + a)|T[4(f + @) T[5(e + B)IT[3(f+ b)]’

e, [

wherea + b=1and e + f =1 + 2¢ with R(¢) > 0.
Proofs. Consider the following familiar transformation [1, p. 14]:

o T e o
T'(a)T(s +b)T(s+c¢) 2 s+b, s+c

a, b, ¢
ORI

1),

where s = e + f — a — b — c. As is shown on page 16 of [1], Watson’s theorem can

be used to sum the series on the right of (5), provided that « + b =1 and

e + f =1+ 2¢, and Whipple’s theorem is obtained. Similarly, when a + b = 0 and

e+ f=14+2c,and when a+b=2and e+ f=1+ 2¢, (1) and (2) can be used

to evaluate the , F,(1) on the right of (5), thus yielding (3) and (4), respectively.
14+a, 14+b, 14+¢ 1 b, ¢

(6) 4F3( T4e 1+f, 2]1) abfc(3F( e, fl)_l)

can be summed by (2), then letting ¢ — 0 and using L’Hospital’s rule yields, with
R(a + b) < 3,

F 1+a, 1+5b, 1, 11
a3 S(a+b+3), 2, 2

M =) - sa - 1) - @) w1 )

N cosm(a —b)/2
2cosm(a+ b)/2

3. Some Limiting Cases. If the parameters are such that the ; F,(1) in

(¥(1 —da) +9(1 - 1b)

If the parameters are such that the ;F,(1) in (6) can be evaluated by (3), then a
formula resembling (7) is obtained when ¢ — 0. The result is given in [4, (2)].
The three following special cases are similarly derived when the ;F, in (6) is
summed by (1), or by (2), or by Watson’s theorem. Letting b — 0, we get
1+a, 1+¢, 1, 1
ofs i(a+3), 2c, 2‘1)

_(a+1)2e-1)

4ac
L(3)T(ba +3)T(c —ba—3)T(c +3) R
P e DN tarery 0 RGem o=
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or
1+a, 1+¢ 1, 11
Ha+3), 2+2c 2
(e DO (oot ) - p() + vl +1) —dlc - da+1)
_ I‘(%)I‘(za + g)I‘(c - 5(1 + j)F(C + %) B
2cT(da+ 1)T(c—ta+ 1)T(c + 1) R(2¢ - a)> -3,
or
1+a, c, 1,
+f (a+3) 1+2c ’1)
1
— L e+ ) - e () + o+ 1) (e —ta+ 1)),
R(2¢ —a) > -1.

A further result of a similar nature can be obtained by using (4) on the right of
(6). After letting a — 0, we find that

1+¢ 3, 1, 1
4F3(1+e, 147, 2|l)

-y e ten)

2(c—1) 2c

x[w(he + 1) = v (i) +0(4 + 1)~ 4 (4],
with f=1+ 2¢ — e, R(c) > 1.

If (3) is used on the right of (6) and a — 0, then [4, (3)] is obtained. Similarly,
letting @ — 1 in (4), or using Whipple’s theorem in (6) and letting a — 0, yields [4,
(1)]. This last formula is, essentially, a result given by Watson in 1917, [6, p. 245] or
[1, p. 98, Example 9].

Incidentally, consider the formula

3F2( L %IZ: (1112+b%)
(8) =ﬂ9ai_"_){¢(b+a)~¢(b—a)‘¢(l+12)+a)+‘l“(1+12)_a)>’

R(b—a) >0,

which appears to have been first explicitly stated by Hardy [2, (8.4)], where the series

is not written in hypergeometric form. After a change of variables, this can be

transformed, by (5), into the following companion formula to Watson’s result:
2v+1, »v+3

)
(9) _ r(2v +2)
Qu-DT(r+pu)T(1 +»—p)

(V0 +w) =1+ —p) =[5+ 55E ) g1+ 25E))

l1+v—pn, v+pu, »v+3
3Fz( ® ® 2
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Although obtained by a different technique, this is essentially the last formula given
in [4].
Finally, letting ¢ = oo in (3) and (4) yields

a, -a|,\_ I'(e) I[i(e—a)]  T[i(e-a+1)]
(10) 2Fl( el ) - 24T (e — a) { T'[i(e + a)] * T[i(e+a+1)] }

and

aw I(e) { r[i(e - a)] _r[%(e—aﬂ)]}
2" Y a—1)T(e—a) \T[i(e+a—-2)] T[ie+ta-1)]]/

These are closely related to Kummer’s formula [3, p. 134]:

F(a, 1—a|i>= P(3e)T(5+ te)
2 e T(le + 1a)T(3+ te — ta)’

2

obtained by letting ¢ — oo in Whipple’s theorem. A very simple way of obtaining
these special cases directly is to use the contiguous function relations for the ,F).
They are given explicitly by Rainville [5, p. 71, Exercises 21], and it is easily verified

that
a, -ali\_1p[ a,1—aj1 1pl a+1,-al1L
@ afs)=4r( @1 aft) + 4p 2l4)
and
a, 2—allL _ate—2 (a;l—al_)_a'*'e‘l (a+1,—al)
F( ez)— a—-1 F el? a—1 F el?)

The formulas (10) and (11) are obtained when the series on the right are summed by
Kummer’s theorem.

I am indebted to the referee for pointing out that from Legendre’s complete
elliptic integrals

19—
Wp—
-

’

[ S

p—

K(k)= ngl( kz), E(k) = %ZFI( B

we obtain, from (10) and (11), that

kz), k%] <1,

3,2

-1/2y _ [r(’!i)]z "T l -1/2 ™
E(27'?%) = Y + [I‘(})]z 2K(2 / )+4K(2'1/2)'
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